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Abstract 

We study the solitonic excitations in the compressible ferromagnetic 
Heisenberg chain (in the continuum limit). 
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INTRODUCTION 



Solitons in magnetically ordered crystals have been widely investigated from 
both theoretical and experimental points of view[l-16]. In particular, the ex- 
istence of coupled magnctoelastic solitons in the Hcisenberg compressible spin 
chain has been extensively demonstrated[17-23]. In [23] were presented the new 
class integrable and nonintegrable spin systems. In this letter we consider the 
some of these nonlinear models of magnets - the some of the Myrzakulov equa- 
tions(ME), which describe the nonlinear dynamics of compressible magnets. 



A. THE 0-CLASS OF THE SPIN-PHONON SYSTEMS 

The Myrzakulov equations with the potentials have the form[23]: 
the Mqq - equation: 

2iSt = [S,S,,] + iu + h)[S,a3] (1) 

the Mqq - equation: 

2iSt = [S,S,,] + iuS3 + h)[S,a3] (2) 

the Mqq - equation: 

2iSt = {(m-S^ -u + m)[S, S^]}^ + h[S, as] (3) 
the Mqq - equation: 

2iSt = n[S, So^^^J + 2{{^iSl -u + m)[S, S^]h + h[S, a^] (4) 
the Mqq - equation: 

2iSt = [S, Sxx] + auSx + bS^ (5) 

where vq, ji, A, n, m, a, b, a, (5, p, h are constants, n is a scalar function(potential), 
subscripts denote partial differentiations, [, ] ({,}) is commutator (anticommu- 
tator), 

^={rS+ -S3)' S^ = S^^^S2, r^ = ±l S^ = I. 
The solutions of these ME for the potential 

u = U sech?k{x — xq) (60) 
and for the boundary condition 

S |x=±oo= era, U |a.=-|-oo= (7) 

are given by 

S+ = AWshz ■ sech^z, ^3 = 1 - 2sech^z (66) 
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and the following formulas, respectively (r^ = 1,A^ = A,W = exp{i{wt + 
(/>)),(/> = const, z = k{x — xo)); 

M^^ : w = mk^ - h^k^ = U/A/i, A = ^ (8a) 

M^o° :w = nk'^ + 2mk -h,k'^ = ?7/(4/x - 5n) (86) 



the Mqq - equation: 



the Mqq - equation: 



B. THE 1-CLASS OF THE SPIN-PHONON SYSTEMS 

Here wc present the following ME[23]: 

00 

2iSt = [S, S^^] + {u + h) [S, as] (9a) 

PUtt = I^qUxx + KS3)xx (96) 

00 

2iSt = [S, 5,,] + {u + h) [S, as] (10a) 

putt = ^qUxx + a{u'^)xx + PUxxxx + HS3)xx (106) 

the Mqq - equation: 

2iSt = [S,S,,] + {u + h)[S,as] (11a) 
Ut + Ux + \{S3)x = (116) 

the Mqq - equation: 

2iSt = [S, Sxx] + {u + h) [S, as] (12a) 

Ut + Ux + a{u^)x + PUxxx + KS3)x = (126) 

The some properties of these Myrzakulov equations were considered in refs.[25- 
28]. 

C. THE 2-CLASS OF THE SPIN-PHONON SYSTEMS 

In this section we consider the following ME [23] 
the Mqq - equation: 

2iSt = [S, Sxx] + (uSs + h) [S, as] (13a) 

putt = vluxx + K^Dxx (136) 

the Mqq - equation: 

2iSt = [S, Sxx] + {uSs + h) [S, as] (14a) 



PUtt = I'qUxx + a{u'^)xx + PUxxxx + H^hxx (146) 
the Mqo - equation: 

2iSt = [S, S,,] + iuS3 + h) [S, as] (15a) 

ut + ux + X{Si)x = (156) 

the Mqo - equation: 

2iSt = [S, S^x] + {uSs + h) [S, (73] (16a) 

ut + Ux + a.{u'^)x + (iuxxx + A(S'|)x = (166) 
Some of these ME are studied in [25-28]. 



D. THE 3-CLASS OF THE SPIN-PHONON SYSTEMS 

Now we consider the following ME([23]): 
the Mqq - equation: 

2iSt = {{tiSl -u + m)[S, SxWx (17a) 

pUtt = l^Uxx + KSi)xx (176) 

the Mqq - equation: 

2iSt = {{ixSl-u + m)[S,Sx\}x (18a) 

PUtt = ^luxx + Ol{u^)xx + PUxxxx + KSl)xx (186) 

the Mqq - equation: 

2iSt = {{^iSl -u + m)[S, Sx\}x (19a) 

ut + Ux + X{Sl)x = (196) 

the Mqq - equation: 

2iSt = {{ixSl-u + m)[S, Sx]}x (20a) 

ut + Ux + a{u^)x + Puxxx + KSl)x = Q (206) 

The soliton solitons of these ME - the M^^^M^.M^^ and equations 

are given by (6) and the following formulas, respectively (r^ = 1, = 4, = 
exp{i{ujt + (p)),uj = mk'^, if = const, z = k{x — xqU = 4fik^,): 

Ml^:X = f,i.i (21a) 

Mq3q2 : a = 3(3 /2n, k"^ = -{X + i/2^)/(4/i/?), A = -fiu^ - A^pk"^ (216) 

■.X = -n,k^ = U/4fi (21c) 

Mq3^ : a = 3/5/2/x, A;^ = -(A + m)/4m/3 (21d) 
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E. THE 4-CLASS OF THE SPIN-PHONON SYSTEMS 

These ME look like [23]: 
the Mqo - equation: 

2iSt = [S, S^^^^] + 2{((1 + ^)Sl ~u + m)[S, 5^]}^ (22a) 

putt = vluxx + KSl)xx (226) 

the Mqq - equation: 

2iSt = [S, Sxxxx] + 2{((1 + ^l)Sl -u + m)[S, 5^]}^ (23a) 

putt = i^qUxx + a{u^)xx + Puxxxx + KSl)xx (236) 
the Mqq - equation: 

2iSt = [S, Sxxxx] + 2{((1 + ii)Sl-u + m)[S, S^Wx (24a) 

ut + ux + \{Sl)x = (246) 

the Mqq - equation: 

2iSt = [S, Sxxxx] + 2{((1 + p)Sl -u + m)[S, Sx]}x 25a 

Ut + Ux + a{u^)x + Puxxx + HSl)x = (256) 

These equations describe the nonlinear interaction of the spin and phonon 
subsystems [23]. For the case p = the soliton solitons of these equations were 
obtained in [7,28]. Here we consider the case p ^ 0. In this case we present 
the soliton solitons of the Myrzakulov equatuons(22)-(25) for the boundary 
condition (7). The soliton solitons of the ME M^^ , M^^ , M^^ andM^^ equations 
are given by (6) and the following formulas, respectively {r^ = 1, = A,W = 
exp{i{u!t + if)) , oj = k'^ + 2mk'^, U = —yk^-, y = 1 — 4/i, ip = const, z = k{x — xo)): 

Mq^qI : A = yui/A (26a) 

M^:a = -6P/y, P = {AX + uiy)/i4y(5) (266) 
Mq4q3 :X = y/4 (26c) 
M^^:a = -6P/y, ^ = {AX - y)/{4yP) (26d) 



F. THE 5-CLASS OF THE SPIN-PHONON SYSTEMS 

Finally we consider the following equations [23]: 
the Mqq - equation: 

2iSt = [S, Sxx] + auSx + bSx (27a) 
putt = VqUxx + X{f)xx (276) 



the Mqo - equation: 



2iSt = [S, Sxx] + auSx + bSx (28a) 
PUtt = I'iuxx + a{u'^)xx + PUxxxx + Kf)xx (286) 



the Mqo - equation: 



the Mqq - equation: 



2iSt = [S, Sxx] + auSx + hS^ (29a) 
ut + ux + X{f)x = (296) 



2iSt = [S, Sxx] + auSx + bS^ (30a) 
ut+Ux + a{u^)x + Puxxx + Hf)x = (306) 
Here / is a scalar function [23]. 



Appendix. A LIST OF THE 2+1 DIMENSIONAL INTEGRABLE 

SPIN EQUATIONS 

Here we want present the some integrable (2+l)-dimensional spin systems - the 
Ishimori and some Myrzakulov equations. 

Consider a n-dimensional space with the basic unit vectors: ei = S, 6*2, e„ 
and ef = = ±1. Then the 2+1 dimensional Myrzakulov-O equation [23] has 
the form 

n 

St = ^aiei (31a) 

i=2 
n 

Sx = J2biei (316) 

i=2 
n 

Sy = CiSi (31c) 

i=2 

where a^, 6j, Cj are real functions, S = {Si, S2, Sn), S'^ = E = ±1. This equa- 
tion admits the many interesting class integrable and nonintegrable reductions. 
Below we present only the some integrable reductions of the Myrzakulov-O equa- 
tion. 

1) The Myrzakulov-IV(M-IV) equation 

St + {Sxy + VS + ESx A (5 A Sy)}x = 

Vx = §iSl)y 

2) The Myrzakulov-I(M-I) equation looks like 

St = {S A Sy + uS)x 

Ux = -S(^Sx A Sy) 
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3) The Myrzak;ulov-II(M-II) equation 

St = {SASy + uS)^ + 2cb'^Sy - AcvS^ 

4) The Myrzakulov-III(M-III) equation 

St = {SASy + uS)x + 2b{cb + d)Sy- AcvSx 

Ux = S(^Sx A Sy), 



" 4(26c + d)2 
5) The Myrzakulov- VIII (M- VIII) equation looks hke 

iSt = ^[Sxx,S] +iuSx 

Uy = ^triS[Sy,Sx]) 

where the subscripts denote partial derivatives and S denotes the spin matrix 
(r^ = ±1) 



S 



Ss rS- 
rS+ -S3 

= 1 



6) The Ishimori equation 



iSt + ^[S, MwS] + A20SX + AioSy = 



M2ou=^triS[Sy,Sx]) 



where a, b, a= consts and 



Mjo = Mj , Ajo = Aj as a = b = —-. 
7) The Myrzakulov-IX(M-IX) equation has the form 
iSt + ^[S, Ml 5] + A2SX + AiSy = 
M2U = ^tr{S[Sy,Sx]) 



where a, b, a= consts and 

dy^ dxdy dx^ 



q2 q2 q2 

Ml = o?^-^ - 2a{b - a)--—- + (a^ - 2ab - b)—^; 



^2 q2 q2 

^2 = a^TT^ - a{2a + l)Tr^ + a{a + 1)-^, 

Ai = ia{[2ah + a + h)ux — {2b + l)auy} 

A<i = i{a(2ah + a + 6)% - (2a^6 + + 2a6 + h)ux\. 

The M-IX eqs. admit the two intcgrablc reductions. As b=0, after the some 
manipulations reduces to the M-VIII equation and as a = 6 = — | to the 
Ishimori equation. In general we have the two integrable cases: the M-IXA 
equation as = 1, the M-IXB equation as o? = —1. We note that the M-IX 
equation is integrable and admits the following Lax representation 

= l[S + i2a + l)I]^^ 



^t = -^[S+{2b+l)I]^^^+'-W^^ 



where 



Wi = W-W2 = {2b + 1)E + {2b-a + ^)SS^ + (26 + 1)FS 

W2 = W -Wi = FI+ + ES + aSSy 

^ i „ i , (2a + 1)^X3; „ , 

E=-—u^, F = -(^ ^—-2uy) 

2a ' 2^ a ^' 

Hence wc get the Lax refresentations of the M-VIII as 6 = and for the 

Ishimori equation as a = 6 = — ^ . The M-IX equation admit the different type 

exact solutions (solitons, lumps, vortcx-like, dromion-like and so on). 
8) The Myrzakulov-XXII(M-XXII) equation has the form 

-iSt = ^{[S, Sy] + 2iuS)^ + - 2ia''Sy 

UX = -S{Sx A Sy) 

and so on. 

All of these equations admit the corresponding Lax representations, which 
were presented in [23]. The gauge equivalent counterparts of the above pre- 
sented Myrzakulov equations are found in [28]. 
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